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1. INTRODUCTION
There are various identities in the literature for harmonic number sums in higher
powers. A result that goes back to the time of Euler, see [17], or [19] is
1X
nD1
H
.p/
n
np
D 1
2
 
2 .p/C  .2p/ (1.1)
where .´/D
1P
rD1
1
r´
; R.´/ > 1; denotes the familiar Riemann zeta function.
Hn D C .nC1/D
nX
rD1
1
r
D
1Z
0
1  tn
1  t dt
is the nth harmonic number and  denotes the Euler–Mascheroni constant. The
generalized nth harmonic number in power r , H .r/n , is defined for positive integers
n and r as
H .r/n WD
nX
mD1
1
mr
D . 1/
r 1
.r  1/Š

 .r 1/.nC1/  .r 1/.1/

;
where
 .m/ .´/D . 1/mC1mŠ
1X
rD0
1
.´C r/mC1 D . 1/
mC1mŠ  .mC1;´/
c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are the polygamma functions of order m which are defined by  .0/.´/  .´/ and
 .m/.´/ WD dm .´/=d´m; m 2 N and ´ ¤ 0; 1; 2; : : :. Here  .´/ is the psi, or
digamma, function, given as the logarithmic derivative of the well-known gamma
function   .´/, i.e.  .´/ WD d log  .´/=d´.  .˛;´/ denotes the Hurwitz zeta func-
tion. There also exists the relation, which will be useful in our later analysis, between
the polygamma functions and the generalized nth harmonic number
H .rC1/n D  .rC1/C
. 1/r
rŠ
 .r/.nC1/ (1.2)
and the recurrence relations
 .m/ .´C1/D . 1/
mmŠ
´mC1 C 
.m/ .´/ ; H
.r/
nC1 D
1
.nC1/p CH
.r/
n :
In the paper [15] the author gave the result
1X
nD1
H
.2/
n
nCk
k
 D k
k 1

 .2/ H .2/
k 1

: (1.3)
and in this paper we shall extend (1.3) by providing identities for the general sums
1X
nD1
H
.2/
n
n

nCk
k
2 ; 1X
nD1
H
.2/
n
nCk
k
2 and 1X
nD1
H
.2/
n
.nC1/

nCk
k
2 :
A result that goes back to Euler [8] is listed in [3] or [9] and we shall refer to in the
latter part of this paper is the following:
1X
nD1
H
.p/
n
nq
D  .pCq/C
1X
nD1
H
.p/
n
.nC1/q (1.4)
where
1X
nD1
H
.p/
n
.nC1/q D
A
2

pCq
p

 A

 .pCq/CB .p/ .q/
 A
pCqX
jD1

2j  2
p 1

C

2j  2
q 1

 .2j  1/ .pCq 2j C1/ ; (1.5)
here
AD

1; for p odd, q even
 1; for p even, q odd ; B D

1; for p odd, q even
0; for p even, q odd :
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Many finite versions of higher order harmonic number sum identities also exist in
the literature, for example, see [11], [12], and [13]. Other finite sum identities can
be seen in [18]. Further work in the summation of harmonic numbers and binomial
coefficients has also been done by Sofo [16]. The works of, [1], [2], [4], [6], [5], [7],
[10], [14], and [20] and references therein, also investigate various representations of
binomial sums and zeta functions in simpler form by the use of the Beta function and
other techniques. The following results will be useful for later analysis.
Lemma 1. Let a > 1 be a positive integer then
1X
nD1
H
.2/
n
n.nCa/ D
1
a
 .3/C 1
a
 .2/Ha 1  1
a
a 1X
jD1
Hj
j 2
(1.6)
and
1X
nD1
H
.2/
n
n.nCa/2 D 
3
4a
 .4/C 1
a2
 .3/C 1
a
 .2/

Ha 1
a
C2H .2/a 1

(1.7)
  1
a
a 1X
jD1
0@Hj
aj 2
C 2Hj
j 3
CH
.2/
j
j 2
1A
Proof. Consider
1X
nD1
H
.2/
n
n.nCa/ D
1X
nD1
nX
kD1
1
k2 n .nCa/
since these sums are absolutely convergent, by a re-arrangement of the double sum
we can write
1X
nD1
nX
kD1
1
k2 n .nCa/ D
1X
kD1
1X
nD0
1
k2 .nCk/ .nCaCk/
D
1X
kD1
1
a k2
Œ .aCk/  .k/ :
Now
1X
kD1
1
a k2
Œ .aCk/  .k/D
1X
kD1
1
a k3
C
a 1X
jD1
1X
kD1
1
a k2 .kCj /
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D 1
a
 .3/C 1
a
a 1X
jD1
1Z
0
xj 1Li2 .x/dx
where the Polylogarithmic function
Li2 .ˇ/D
X
r1
ˇr
r2
:
By partial fraction decomposition we have
a 1X
jD1
1X
kD1
1
a k2 .kCj / D
a 1X
jD1
1
a
1X
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
1
j k2
  1
j k .kCj /

D
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jD1
1
a

 .2/
j
 Hj
j 2

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a
  1
a
a 1X
jD1
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and the result (1.6) follows. To prove (1.7) consider
1X
nD1
H
.2/
n
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1X
nD1
nX
kD1
1
k2 n .nCa/2
since these sums are absolutely convergent, by a re-arrangement of the double sum
we can write
1X
nD1
nX
kD1
1
k2 n .nCa/2 D
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kD1
1X
nD0
1
k2 .nCk/ .nCaCk/2
D
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kD1
1
a2 k2

 .aCk/  .k/ a 0.aCk/
D
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kD1
1
a2 k3
C
a 1X
jD1
1X
kD1
1
a2 k2 .kCj /C
a 1X
jD1
1X
kD1
1
a k2 .kCj /2  
1X
kD1
 0.1Ck/
a k2
D  .3/
a2
C
a 1X
jD1
1
a2

 .2/
j
 Hj
j 2

C 1
a
a 1X
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0B@
1
k2j 2
C 1
j 2.kCj /2
  2
j 2k.kCj /
1CA
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 
1X
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 .2/ H .2/
k
a k2
D  .3/
a2
C
a 1X
jD1
1
a2

 .2/
j
 Hj
j 2

C 1
a
a 1X
jD1
0@ .2/
j 2
  2Hj
j 3
C  .2/
j 2
 H
.2/
j
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1A  2 .2/
a
C
1X
kD1
H
.2/
k
a k2
:
From (1.1) we know that
1X
kD1
H
.2/
k
a k2
D 1
2a
 
2 .2/C  .4/D 7
4a
 .4/ ; and also 2 .2/D 5
2
 .4/ ;
hence
1X
nD1
H
.2/
n
n.nCa/2 D 
3
4a
 .4/C 1
a2
 .3/C 1
a
 .2/

Ha 1
a
C2H .2/a 1

  1
a
a 1X
jD1
0@Hj
aj 2
C 2Hj
j 3
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.2/
j
j 2
1A :

Some special cases are noted in the remark.
Remark 1. When aD 0
1X
nD1
H
.2/
n
n2
D 7
4
 .4/ ;
1X
nD1
H
.2/
n
n3
D 3 .2/ .3/  9
2
 .5/ ;
for aD 1 and 5 and also using (1.3) and (1.4), we have, respectively
1X
nD1
H
.2/
n
n .nC1/ D  .3/ ;
1X
nD1
H
.2/
n
n .nC5/ D
 .3/
5
C 5 .2/
12
  2953
8640
;
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and
1X
nD1
H
.2/
n
n .nC1/2 D  .3/ 
3
4
 .4/ ;
1X
nD1
H
.2/
n
n .nC5/2 D
 .3/
25
  3 .4/
20
C 47 .2/
72
  51499
57600
:
A related Lemma which will be useful later is the following.
Lemma 2. Let a > 1 be a positive integer then
1X
nD1
H
.2/
n
.nC1/2 .nCa/ D
3 .4/
4.a 1/  
 .2/Ha 1
.a 1/2 C
1
.a 1/2
a 1X
jD1
Hj
j 2
(1.8)
and
1X
nD1
H
.2/
n
.nC1/2 .nCa/2 D
3 .4/
2.a 1/2  
2 .2/Ha 1
.a 1/3  
2 .2/H
.2/
a 1
.a 1/2
C 1
.a 1/2
a 1X
jD1
0@ 2Hj
.a 1/ j 2 C
2Hj
j 3
CH
.2/
j
j 2
1A (1.9)
Proof. Consider
1X
nD1
H
.2/
n
.nC1/2 .nCa/ D
1X
nD1
nX
kD1
1
k2 .nC1/2 .nCa/
since these sums are absolutely convergent, by a re-arrangement of the double sum
we can write
1X
nD1
nX
kD1
1
k2 .nC1/2 .nCa/ D
1X
kD1
1X
nD0
1
k2 .nC1Ck/2 .nCaCk/
D
1X
kD1
1
k2

 .1Ck/  .aCk/
.a 1/2 C
 0.1Ck/
.a 1/

:
Now
1X
kD1
1
k2

 .1Ck/  .aCk/
.a 1/2 C
 0.1Ck/
.a 1/

D 
a 1X
jD1
1X
kD1
1
.a 1/2k2 .kCj /
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C
1X
kD1
 .2/ H .2/
k
.a 1/ k2
D 
2 .2/
a 1  
1X
kD1
H
.2/
k
.a 1/ k2  
a 1X
jD1
1X
kD1
1
.a 1/2k2 .kCj /
D 
2 .2/
a 1  
1X
kD1
H
.2/
k
.a 1/ k2  
a 1X
jD1
1
.a 1/2

 .2/
j
 Hj
j 2

D 
2 .2/
a 1  
1
2.a 1/
 
2 .2/C  .4/   .2/Ha 1
.a 1/2 C
a 1X
jD1
Hj
.a 1/2 j 2
D 3 .4/
4.a 1/  
 .2/Ha 1
.a 1/2 C
1
.a 1/2
a 1X
jD1
Hj
j 2
:
To prove (1.9) consider
1X
nD1
H
.2/
n
.nC1/2 .nCa/2 D
1X
nD1
nX
kD1
1
k2 .nC1/2 .nCa/2
D
1X
kD1
1X
nD0
1
k2 .nC1Ck/2 .nCaCk/2
D
1X
kD1
1
.a 1/3 k2

2 .1Ck/ 2 .aCk/C .a 1/  0.1Ck/C 0.aCk/
D
1X
kD1
1
.a 1/3 k2
24 2 a 1X
jD1
1
.kCj /C .a 1/
0@2 0.1Ck/C a 1X
jD1
1
.kCj /2
1A35
D  2
.a 1/3
a 1X
jD1

 .2/
j
 Hj
j 2

C 2
.a 1/2
1X
kD1
 .2/ H .2/
k
k2
  1
.a 1/2
a 1X
jD1
1X
kD1
1
.kCj /2
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D 3 .4/
2.a 1/2  
2 .2/Ha 1
.a 1/3  
2 .2/H
.2/
a 1
.a 1/2
C 1
.a 1/2
a 1X
jD1
0@ 2Hj
.a 1/ j 2 C
2Hj
j 3
CH
.2/
j
j 2
1A
and the result (1.9) is attained. 
Remark 2. Some examples are
1X
nD1
H
.2/
n
.nC1/3 D 3 .2/ .3/ 
11
2
 .5/ ;
1X
nD1
H
.2/
n
.nC1/2 .nC2/ D
3 .4/
4
   .2/
and
1X
nD1
H
.2/
n
.nC1/4 D 
2 .3/C 8
3
 .2/ .4/ 6 .6/ ;
1X
nD1
H
.2/
n
.nC1/2 .nC5/2 D
3 .4/
32
  35
144
 .2/C 3827
12288
:
Lemma 3. Let a > 1 be a positive integer then
1X
nD1
H
.2/
n
.nC1/3 .nCa/ D
3 .2/ .3/
.a 1/  
11 .5/
2.a 1/  
3 .4/
4.a 1/2
C  .2/Ha 1
.a 1/3  
1
.a 1/3
a 1X
jD1
Hj
j 2
(1.10)
and
1X
nD1
H
.2/
n
.nC1/3 .nCa/2 D
3 .2/ .3/
.a 1/2  
11 .5/
2.a 1/2  
9 .4/
4.a 1/3 C
2 .2/H
.2/
a 1
.a 1/3
C 3 .2/Ha 1
.a 1/4  
1
.a 1/3
a 1X
jD1
0@ 3Hj
.a 1/ j 2 C
2Hj
j 3
CH
.2/
j
j 2
1A (1.11)
Proof. Consider
1X
nD1
H
.2/
n
.nC1/3 .nCa/ D
1X
nD1
nX
kD1
1
k2 .nC1/3 .nCa/
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since these sums are absolutely convergent, by a re-arrangement of the double sum
we can write
1X
nD1
nX
kD1
1
k2 .nC1/3 .nCa/ D
1X
kD1
1X
nD0
1
k2 .nC1Ck/3 .nCaCk/
D 1
2.a 1/3
1X
kD1
1
k2
h
2 .aCk/ 2 .1Ck/ 2.a 1/ 0.1Ck/  .a 1/2 00.1Ck/
i
D 1
.a 1/3
a 1X
jD1
1X
kD1
1
k2 .kCj /  
1
.a 1/2
1X
kD1
 0.1Ck/
k2
  1
.a 1/
1X
kD1
 00.1Ck/
k2
:
Using the same ideas as the previous lemma together with (1.2), (1.4) and (1.5) we
obtain (1.10). To prove (1.11) consider
1X
nD1
H
.2/
n
.nC1/3 .nCa/2 D
1X
nD1
nX
kD1
1
k2 .nC1/3 .nCa/2
D
1X
kD1
1X
nD0
1
k2 .nC1Ck/3 .nCaCk/2
D
1X
kD1
1
2.a 1/4 k2
24 6 .aCk/ 6 .1Ck/ 4.a 1/ 0.1Ck/
 2.a 1/ 0.aCk/  .a 1/2 00.1Ck/
35
D
1X
kD1
1
k2
0BB@
3
.a 1/4
Pa 1
jD1 1.kCj /C 1.a 1/3
Pa 1
jD1 1.kCj /2 C
3 0.1Ck/
.a 1/3
  00.1Ck/
.a 1/2
1CCA
508 ANTHONY SOFO
and the result (1.11) is attained after utilizing (1.2), (1.4) and (1.5). 
Remark 3. Some examples are
1X
nD1
H
.2/
n
n.nC1/3 D  .3/ 
3 .4/
4
 3 .2/ .3/C 11
2
 .5/ ;
1X
nD1
H
.2/
n
.nC1/3 .nC5/ D
3
4
 .2/ .3/  3 .4/
64
  11
8
 .5/C 25
768
 .2/  2953
110592
and
1X
nD1
H
.2/
n
.nC1/3 .nC2/2 D
3
16
 .2/ .3/  9 .4/
256
  11
32
 .5/C 635
9216
 .2/  9349
110592
:
2. THREE THEOREMS
We now prove the following three theorems.
Theorem 1. Let k 2N; N WD f1;2;3; :::g, then
1X
nD1
H
.2/
n
n

nCk
k
2 (2.1)
D
kX
rD1
r

k
r
2
2666666664
2.Hr 1 Hk r/

 .3/C  .2/Hr 1CPr 1jD1 Hjj 2 
 3
4
 .4/C 1
r
 .3/C  .2/

Hr 1
r
C2H .2/r 1

 Pr 1jD1Hjrj 2 C 2Hjj 3 C H .2/jj 2 
3777777775
Proof. Consider the following expansion:
1X
nD1
H
.2/
n
n

nCk
k
2 D 1X
nD1
.kŠ/2 H
.2/
n
n
kQ
rD1
.nC r/2
D
1X
nD1
.kŠ/2 H
.2/
n
n
 
.nC1/kC1
2
Where .˛/r is Pochhammer’s symbol given by
.˛/r D ˛ .˛C1/.˛C2/ ::: .˛C r  1/ ;r > 0; .˛/0 D 1: Now
1X
nD1
H
.2/
n
n

nCk
k
2 D 1X
nD1
.kŠ/2 H
.2/
n
n
kX
rD1

AAr
.nC r/C
BBr
.nC r/2

(2.2)
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where
BBr D lim
n!. r/
0BBB@ .nC r/2kQ
rD1
.anC r/2
1CCCAD

r
kŠ

k
r
2
;
and
AAr D lim
n!. r/
d
dn
0BBB@ .nC r/2kQ
rD1
.anC r/2
1CCCAD 2.Hr 1 Hk r/

r
kŠ

k
r
2
:
Now from (2.2) and using Lemma 1
1X
nD1
.kŠ/2 H
.2/
n
n
kX
rD1

AAr
.nC r/C
BBr
.nC r/2

D
kX
rD1
1X
nD1
0BB@
.kŠ/2 H
.2/
n AAr
n.nCr/
C .kŠ/2 H .2/n BBr
n.nCr/2
1CCA
D
kX
rD1
1X
nD1
0BBB@
2.Hr 1 Hk r/

r

k
r
2
H
.2/
n
n.nC r/ C

r

k
r
2
H
.2/
n
n.nC r/2
1CCCA
and using (1.6) and (1.7) we obtain the result. 
Remark 4. For the case k D 5; we have the result
1X
nD1
H
.2/
n
n

nC5
5
2 D  .3/  9452  .4/C1750 .2/  163704476912
Now we consider the following Theorem 1.
Theorem 2. Let k 2Nnf1g; N WD f1;2;3; :::g ; then
1X
nD1
H
.2/
n
nCk
k
2 (2.3)
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D
kX
rD2

r

k
r
2
2666666666664
2.Hr 2 Hk r/
0B@
3.r 1/.4/
4
   .2/Hr 1
CPr 1jD1 Hjj 2
1CA
3.4/
2
  2.2/Hr 1
.r 1/  2 .2/H .2/r 1
CPr 1jD1 2Hj.r 1/ j 2 C 2Hjj 3 C H .2/jj 2 
3777777777775
Proof. Consider the following expansion:
1X
nD1
H
.2/
n
nCk
k
2 D 1X
nD1
.kŠ/2 H
.2/
n
.nC1/2
kQ
rD2
.nC r/2
D
1X
nD1
.kŠ/2 H
.2/
n
.nC1/2  .nC2/kC12
Now
1X
nD1
H
.2/
n
nCk
k
2 D 1X
nD1
.kŠ/2 H
.2/
n
.nC1/2
kX
rD2

Ar
.nC r/C
Br
.nC r/2

(2.4)
where
Br D lim
n!. r/
0BBB@ .nC r/2kQ
rD2
.anC r/2
1CCCAD

2
kŠ

k
r

r
2
2
(2.5)
and
Ar D lim
n!. r/
d
dn
0BBB@ .nC r/2kQ
rD2
.anC r/2
1CCCAD 2.Hr 2 Hk r/

2
kŠ

k
r

r
2
2
:
(2.6)
Now from (2.4) and using Lemma 2
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1X
nD1
.kŠ/2 H
.2/
n
.nC1/2
kX
rD2

Ar
.nC r/C
Br
.nC r/2

D
kX
rD2
1X
nD1
0BB@
.kŠ/2 H
.2/
n Ar
.nC1/2.nCr/
C .kŠ/2 H .2/n Br
.nC1/2.nCr/2
1CCA
D
kX
rD2
1X
nD1
0BBB@
2.Hr 2 Hk r/

2

k
r

r
2
2
H
.2/
n
.nC1/2 .nC r/
C

2

k
r

r
2
2
H
.2/
n
.nC1/2 .nC r/2
1CCCA
and using (1.8) and (1.9) we obtain the result. 
Remark 5. An example for Theorem 2 is
1X
nD1
H
.2/
n
nC5
5
2 D 26252  .4/  17937536  .2/C 14049872520736
The final theorem follows.
Theorem 3. Let k 2Nnf1g ; N WD f1;2;3; :::g ; then
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1X
nD1
H
.2/
n
.nC1/

nCk
k
2 (2.7)
D
kX
rD2

r

k
r
2
26666666666664
2.Hr 2 Hk r/
0B@ 3.r  1/ .2/ .3/ 
11.r 1/.5/
2
  3.4/
4
C .2/Hr 1
.r 1/   1.r 1/
Pr 1
jD1
Hj
j 2
1CA
3 .2/ .3/  11.5/
2
  9.4/
4.r 1/C
2.2/H
.2/
r 1
.r 1/
C3.2/Hr 1
.r 1/2  
1
.r 1/
Pr 1
jD1

3Hj
.r 1/ j 2 C
2Hj
j 3
C H
.2/
j
j 2

37777777777775
Proof. Consider the following expansion:
1X
nD1
H
.2/
n
.nC1/

nCk
k
2 D 1X
nD1
.kŠ/2 H
.2/
n
.nC1/3
kQ
rD2
.nC r/2
D
1X
nD1
.kŠ/2 H
.2/
n
.nC1/3  .nC2/kC12 :
Now
1X
nD1
H
.2/
n
.nC1/

nCk
k
2 D 1X
nD1
.kŠ/2 H
.2/
n
.nC1/3
kX
rD2

Ar
.nC r/C
Br
.nC r/2

(2.8)
where Br and Ar are given respectively by (2.5) and (2.6). Now from (2.8) and using
Lemma 3
1X
nD1
.kŠ/2 H
.2/
n
.nC1/3
kX
rD2

Ar
.nC r/C
Br
.nC r/2

D
kX
rD2
1X
nD1
0BB@
.kŠ/2 H
.2/
n Ar
.nC1/3.nCr/
C .kŠ/2 H .2/n Br
.nC1/3.nCr/2
1CCA ;
and using (1.10) and (1.11) we obtain the result (2.7). 
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Remark 6. An example for Theorem 3 is
1X
nD1
H
.2/
n
.nC1/

nC5
5
2
D 75 .2/ .3/  275
2
 .5/  13125
16
 .4/C 5050925
1728
 .2/  40704625
10368
:
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